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Graphs

V = set of vertices

E = set of edges

Auv =

{
1 (u, v) ∈ E
0 (u, v) /∈ E

Duv =

{∑
w Auw u = v

0 u 6= v

∆ = D − A L = D−1/2∆D−1/2
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Gaussian Random Fields (GRF) (Zhu et al., 2003)

also known as Label Propagation

arg min
Ŷ∈Rn×|Y|

∑
`∈Y

∑
(u,v)∈E

Auv (Ŷu` − Ŷv`)
2

= arg min
Ŷ∈Rn×|Y|

∑
`∈Y

Ŷ`
T

∆Ŷ`

s.t. Yu` = Ŷu`,∀` ∈ Y, ∀ labeled u

Ŷ (t+1)
v` ←

∑
(u,v)∈E Auv Ŷ (t)

u`

Ŷ (t+1) ← D−1AŶ (t)

Harmonic Property: node = average of neighbors
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s.t. Yu` = Ŷu`,∀` ∈ Y, ∀ labeled u

Ŷ (t+1)
v` ←

∑
(u,v)∈E Auv Ŷ (t)
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Harmonic Property: node = average of neighbors

Aydın Gerek Graph Based Semi-supervised Learning



Gaussian Random Fields (GRF) (Zhu et al., 2003)

also known as Label Propagation

arg min
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2 = arg min
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Ŷ∈Rn×|Y|

∑
`∈Y

∑
(u,v)∈E
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Manifold Regularization (Belkin et al., 2006)

Manifold Hypothesis: The data lives in a low dimensional
manifold embedded in high-dimensional ambient space.

f ∗(x) = arg min
f∈HK

1
nl

nl∑
i=1

L(xi , yi , f ) + λA‖f‖2K + λI‖f‖2I

‖f‖2I =

∫
x∈M
‖∇Mf‖2dP(x) ≈ 1

nl + nu
fT ∆f

fT
i = f (xi)
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Graph Convolutional Networks (Kipf and Welling 2017)

X ∈ Rn×di

, Z ∈ Rn×do

H(l) ∈ Rn×dl , H(0) = X ,H(L) = Z

H(l+1) = f (H(l),A)

f (H(l),A) = σ(AH(l)W (l))

Ã = A + I, D−1/2AD−1/2

f (H(l),A) = σ(D̃−1/2ÃD̃−1/2H(l)W (l))
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