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selects a subgroup of base functions of the 17 polynomials
available, after trying all possible combinations among them.
Thus, the method punishes overly complicated models and
identifies the models with the most explanatory power. Such
procedures could greatly benefit if a surrogate testing pro-
cedure (see Sec. I.B.2) were used to determine whether the
finally selected model is genuinely reliable.
The method was applied to model the interaction of

democracy and GDP per capita for the years 1981–2006
for 74 countries. The resulting coupling functions for two
selected models are shown in Fig. 30. The simplest
model shown in Fig. 30(a) includes a coupling function
with two terms _D ¼ 0.11G3 − 0.067D=G, while the best
fit five-function model Fig. 30(b) was given as _D ¼
0.77G3 þ 1.9D − 0.85D=G − 0.96DG − 0.14D2. For the
middle GDP, both of the coupling functions show depend-
ences that closely relate to the linear dependence determined
with the simple correlation coefficient. However, there were
some nonlinear deviations from this, especially for very low
and very high GDP. In particular, the threshold for very high

GDP indicated that there is no significant improvement in
democracy with further GDP growth.
Similarly, the best model for G was inferred to be

_G ¼ 0.014þ 0.0064DG − 0.02G, which shows primarily
that the GDP is growing at a constant rate, but in addition
demonstrates that it is positively affected by democracy
interacting with GDP, and that the growth is self-limiting at
high levels of GDP.
Finally, we point out that the method was further applied to

investigate the interactions of other social variables, such as
the case of interactions between democracy, development, and
cultural values (Spaiser et al., 2014). These works could
significantly benefit from further coupling function assess-
ment and analysis.

E. Mechanical coupling functions

Mechanical clocks and oscillators provide an important
cornerstone in the study of interactions and synchronization
phenomena, starting from the earliest observations of the
phenomenon in pendulum clocks by Huygens (1673) up to the
more comprehensive and detailed studies based on current
methods (Kapitaniak et al., 2012).
Kralemann et al. (2008) described an experiment using two

coupled mechanical metronomes for the analysis of coupling
functions. The metronomes were placed on a rigid base and
the coupling through which they interact and influence each
other was achieved by connecting them with an elastic rubber
band; Fig. 31, top. A digital camera was used for acquiring the
data, from which the oscillatory signals were extracted.
Coupling functions were determined for three different
experimental conditions when (i) the pendulums of the
metronomes were linked by a rubber band, (ii) the pendulums
were linked by two rubber bands, and (iii) the metronomes
were uncoupled.
From the extracted signals, the Hilbert transform proto-

phases were first estimated and then transformed to genuine
phases. The coupling functions were then reconstructed with a
fitting procedure based on kernel smoothing. Figure 31 shows

FIG. 30. Coupling functions of the change in democracy q1ðD;GÞ, from the interaction between GDP and democracy. (a) The two term
model, and (b) the five term model. The black lines are the solutions _D ¼ 0. The strengths of the coupling functions are encoded by the
color bars shown on the side of each figure. From Ranganathan et al., 2014.

FIG. 29. Examples of neural cross-frequency coupling func-
tions. (a) Spatial distribution of the δ − α coupling functions over
the head, based on the different probe locations. (b) Average
coupling function along all the probes for the δ − α coupling
relation. Each δ − α coupling function qαðϕδ;ϕαÞ is evaluated
from the α dynamics and depends on the bivariate ðϕδ;ϕαÞ
phases. From Stankovski et al., 2015.

Stankovski et al.: Coupling functions: Universal insights into …

Rev. Mod. Phys., Vol. 89, No. 4, October–December 2017 045001-41

Access to data



Understanding its behaviour



Too much data…



Uncovering patterns

time

B
ra

in
 A

ct
iv

ity



Seizure
time

B
ra

in
 A

ct
iv

ity

Uncovering patterns



Healthy state

Predict crises

tempo

at
iv

id
ad

e 
ce

re
br

al

Uncovering patterns



Personalised treatment

What is the best treatment for you?



Uncovering rules



µ(f�1(A)) = µ(A) 8A 2 B
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Predict transitions
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Big challenge: Many parts



A 400 years old journey

from parts to the whole



In the Asian banks

Philip Laurent paper in Science in 1917



A phenomenon discussed for 300 years

single lots



In the Asian banks



tendency to order

only an illusion?

In the Asian banks



1917 to 1930 we had 20 papers 

In the Asian banks



Does Nature longs for order?

In the Asian banks



Nature longs for order

John Buck in 1960



Nature longs for order

Buck realised the order was emergent

first pairs and trios



In the lab

Buck confirmed the phenomenon



Christiaan Huygens

First to use mathematics



Christiaan Huygens

Pendulum clock
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Christiaan Huygens

Modern version
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Tendency towards order
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Mystery 

Why does order emerges spontaneously?



Mathematics describes 
all these phenomena

Tendency towards order



Predict when order 
will appear

Tendency towards order



Order is not always good



In the brain

neurons



neurons talk to each other

In the brain



neurons can synchronize
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electrical activity in the brain
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Why not to provide a small  shock
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Shocking all day long
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Obtain the equations that 
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A study case
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Simulate the system in a computer
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From data to rules
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From data to rules



A big puzzle

Maybe we belong to  
something bigger

???



The future

depends on maths


